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1. INTRODUCTION

It is well known that the theory of functions from Q,, into C plays an important role in p-adic quantum
mechanics, the theory of p-adic probability in which real-valued random variables have to be considered
to solve covariance problems (see, for example, [12, 17, 28] and references therein). In recent years, p-
adic analysis has got a lot of attention by its important application in mathematical physics. In particular,
there is an increasing interest in the study of p-adic wavelet analysis and p-adic harmonic analysis, for
instance, p-adic Hardy, p-adic Hardy-Cesaro, p-adic Hausdorif operator as well as their applications
(see[l,4—7,10, 14, 18, 20, 25, 29—31] and references therein).

In 1984, Carton-Lebrun and Fosset [3] studied the weighted Hardy-Littlewood average operator as
follows

1
I, (f) (@) = /0 o) f(ya)dy, € R,

where ¢ : [0,1] — [0,00) is a measure function. In 2001, J. Xiao [32] established the necessary and
sufficient conditions for the boundedness of H, and obtained its norm on the Lebesgue and BMO
spaces. Next, in 2014, Chuong and Hung [9] introduced the Hardy-Cesaro operator defined by

1
€y a(f)(x) = /O o) (s(y)a)dy, =€ R,

where ¢ : [0,1] — [0,00) and s : [0, 1] — R are measurable functions. On the p-adic fields, the Hardy-
Cesaro operator introduced by Hung [14] as follows

&N = [ e, <.
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WEIGHTED CENTRAL BMO 267

where ¢ is a locally integrable function on Z7 and s : Z7 — Q,, is a measurable function. Obviously,

by setting s(y) =y, the operator €% s then reduces to the p-adic weighted Hardy-Littlewood average
operator studied by Rim and Lee [24] as follows

i) = | fmeldy, =<

Especially, for n = 1 and ¢ = 1, the operator 3%, reduces to p-adic Hardy operator defined by

p -
i) |z /|yps|m|pf(y)dy'

For further information on the p-adic Hardy-Cesaro operators as well as their applications, one can be
found in[4, 7, 14, 29, 31] and therein references. Remark that the operator H2, is closely connected with
solution of some pseudo-differential equations on p-adic fields posed by Kochubei [19] as follows

D +a(|z[p)v = f(|z]p), =€ @,
v(0) =0,

where D is the Vladimirov operator of order ov. The solution of this problem is found in terms of the form
v = RE(u), where RY, is the p-adic Riemann-Liouville fractional operator defined by

l—p© a— a—
@ = P [ (- - ) uwd. (L)
lylp<|zlp
[t is easy to see that
RE (u)(z) = (HE, u(z) — HE, u(2)) |=[p,
where
1—p™@ o
Pily) = et 1—yls™', and  @a(y) = @1(1 —y).

In recent years, the weighted Hardy-Littlewood average operators, Hardy-Cesaro operators and
Hausdorff operators and their commutators have been significantly developed into different contexts
(see 2, 6,7,9—11, 22, 23, 25]). As is well known, the theory of commutators plays an important role
in the study of the regularity of solutions to partial differential equations. In this paper, we discuss the
commutators of Coifman-Rochberg-Weiss type of p-adic Hardy-Cesaro operators as follows

L)@ = [ o)(a) ~blsw)o)) Fstwpardy. € Q.

In case s(y) =y, e{'gf; will reduce to the commutator of Hardy-Littlewood operators J—C{Z’b as follows

30°(1)(a) = [ olw)(4(o) ~ bu)) Fly)dy, < Q5.

Zy

The main purpose of this paper is to establish some sufficient conditions for the boundedness of
the commutator Gf;’g with symbols in weighted central BMO type spaces on the p-adic Herz spaces,
p-adic Morrey spaces and p-adic Morrey-Herz spaces associated with both power weights and the

Muckenhoupt weights. As a consequence, we also have the boundedness of commutators ﬂ-ff;’b on such
spaces.

Our paper is organized as follows. In Section 2, we present some notations and definitions of p-adic
analysis, the class of Muckenhoupt weights on the p-adic field as well as some p-adic weighted function
spaces such as p-adic Morrey, Herz, Morrey-Herz and central BMO spaces. Our main results are given
and proved in Section 3.
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268 DUNG et al.
2. SOME NOTATIONS AND DEFINITIONS

Let us give a brief introduction on p-adic analysis. For a more complete information to p-adic
analysis, see [17, 28] and the references therein. For a prime number p, denote by Q, the field of p-
adic numbers. This field is the completion of the field of rational numbers with respect to the non-
Archimedean p-adic norm |- |,. This norm is defined as follows: |0|, = 0; if « # 0 is an arbitrary

rational number with the unique representation o = p* ™, where m, n are not divisible by p, k € Z, then
|z|, = p~*. Itis easy to verify that this norm has the following properties:
(i) |z]p >0, Ve e Qyp, |z, =0 2=0;

(i) [zylp = [@|plylp, Y2,y € Qp;
(iii) [z + ylp < max(|z|p, [ylp), Y2,y € Qp, and when |z[, # |y|,, we have [z + y|, = max(|z, [y]p)-
Moreover, any non-zero p-adic number x € @, can be uniquely represented in the canonical series

x = p"(zo + 21p + T2P® + ), (2.1)

where k € Z, x, =0,1,....,p — 1, g # 0, m = 0,1, .... This series, of course, converges in the p-adic
norm since |z,,p*|, < p~*.

Let Q) = @, x - - - x Qp. The p-adic norm of Qj is defined as follows

[elp = max [zilp, = (21, Tn)- (2.2)

Let
By(a) = {x €qQp:le—al, < pk}

be a ball of radius p* with center at a € Q}. Similarly, denote by

Sk(a) = {ac €Qy:lr—ap :pk}

the sphere with center at a € Q} and radius p®. Denote By, = B(0), Sy, = Sk(0). Thus for any z¢ € Qp
we get zo + By, = By(z0) and g + Sj. = Si(wo). Especially, we denote Z,, instead of By, Zy, = By \ {0}
in Qp, Q) = Qp \ {0} and xy be the characteristic function of the sphere Sj.

[t is known that there exists a Haar measure dx on Q7, which is unique up to positive constant
multiple and is translation invariant. This measure is unique by normalizing dx such that

/dx:\Bo| :1,

Bo
where | B| denotes the Haar measure of a measurable subset B of Qp. For f € LIOC(QZ), we have

e = m [ s :kkrfoo )3

Qp co<m<k Sm
In the case f € L'(Q}), one may write an w)de =3 [ f(x)dz. By simple calculation, it is
easy to obtain that | By (a)| = p™?®, |[Sa(a)| = p"*(1 —p~") ~ p"?, for any a € Q. Besides that, we also
have w(B,) ~ p**) with w(z) = |z[y (v > —n).

Let w be a positive measurable function almost everywhere in Q. The weighted Lebesgue space
L& (Qp) (0 < g < 00) is defined to be the space of all Haar measurable functions f on Qj such that

1/q
1112 o) = (/@n If(:r)lqw(:r)d:r> < o0,

P
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WEIGHTED CENTRAL BMO 269

The space LZ) 10c(@Qp) is defined as the set of all measurable functions f on Q} satislying
S | f (@)% ( )d:z: < oo for any compact subset K of Q. The space L] 10c(@p \ {0}) is also defined in a
similar way as the space LY 10c(@3)-

Throughout the whole paper, we denote by C' a positive geometric constant that is independent of the

main parameters, but can change from line to line. Denote w(B)* = ([, w(x)d:r)’\, for A € R. We also
write a < b to mean that there is a positive constant C', independent of the main parameters, such that
a < Ob. The symbol f ~ g means that f is equivalent to g (i.e. C~!f < g < Cf). For any real number
¢ > 1, denote by ¢’ conjugate real number of ¢, i.e. } + 51/ =1.

Let us give the definition of weighted A-central Morrey p-adic spaces.

Definition 2.1. Let A € Rand 1 < q < oo. The weighted \-central Morrey p-adic spaces BZ’/\(QQ)

consists of all Haar measurable functions f € LY 10c(Qp) satisfying HfH  @p) < oo, where

1 1/q
110 gy = 52 (o yona [, @ P(@)e) (23)
gl v y
Remark that Bq’)\ Q?) is a Banach space and reduces to {0} when A < —1.
w D q

We also present some definitions of the weighted Herz and Morrey-Herz p-adic spaces.

Definition 2.2. let f € R,0 < g < o and 0 < ¢ < co. The weighted Herz p-adic space Kﬁf(@g) is
defined as the set of all junctions f € LY 10e(@p \ {0}) such that ”f”KﬁJf(@n) < oo, where
q,w P

© 1/¢
112y = (kz P Pl ap) (2.4)
Definition 2.3. Let f € R,0< ¢ < o0 and 0 < ¢ < co. The weighted Herz p-adic space K67 ’q(Qg)
is defined as the set of all functions f € LY 10c(Qp \ {0}) such that
- Bt/ ¢ 1/
171ty = (30 @B ixnllg o) < oo (2.5)

=—00

Definition 2.4. let feR,0<g< o0, 0 <l < o0 and A be a non-negative real number. The
weighted Morrey-Herz p-adic space is defined by

M (@) = {f € L 1oc (@ \AOD) < I lasicpr (p) < oo} ,

where

1/¢
HfHMKﬁA L@ = SUPP ko)\( Z pk/BZHka”Lq @) ) . (2.6)

k=—o00
Let us recall to define the weighted central BMO p-adic space.

Definition 2.5. Let 1 < ¢ < 0o and w be a weight function. The central bounded mean oscillation
space CMO, w(Qp) is defined as the set of all Junctions f € L! 1OC((@Z) such that

1
7o ez =22 ( / £(&) — fop, [iof@)ida) " < . @7)
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270 DUNG et al.

1
JuB, = w(BV)B/f(a:)w(a;)dx

It is well known that the theory of A, weight was first introduced by Benjamin Muckenhoupt
on the Euclidean spaces to characterise the boundedness of Hardy-Littlewood maximal functions on
the weighted Lebesgue spaces (see [21] for further detail). For A, weights on the p-adic fields, more
generally, on the local fields or homogeneous type spaces, see [8, 15] for more details.

where

Definition 2.6. Let 1 < ¢ < co. We say that a weight w € Ay(Qy) if there exists a constant C such

that for all balls B,
—1
—1/(—1) <
|B|/ z)dx ) |B|/ ldz) <.

We say that a weight w € A1(Qy) if there is a constant C such that for all balls B,

x)dx < Cessinf w
51 4 (@)

zeB

We denote by Aso(Qp) = U A(@Q}).

1<l<o
Let us recall the following standard result related to the Muckenhoupt weights.
Proposition 2.7. (i) A,(Qp) € A4(Q}), Jor1 <€ < g < oo.

(ii) /Jw € Ap(Qp) for 1 <€ < oo, then thereis ane > 0 such that{ —e > 1andw € Ay (Qy).

[t is said that w satisfies the reverse Holder condition of order r > 1 (in symbols w € RH,(Q})) iff
there exists a constant C' such that

Qm/()“yﬁ\m/

for all balls B C Q. By virtue of Theorem 19 and Corollary 21 in [16], we have w € A (Qy) if
and only if there exists some 7 > 1 such that w € RH,.(Q}). Moreover, if w € RH,(Q}), r > 1, then
w € RH,1-(Qy) for some € > 0. We thus write 7, = sup{r > 1:w € RH,(Q})} to denote the critical
index of w for the reverse Holder condition.

To end this section, let us give some standard properties of Ay weights which they are proved in the
similar way as the setting (see Proposition 2.4 and Proposition 2.5 in [22] for more details).

Proposition 2.8. /[w € A,(Q}), 1 < < oo, then Jorany f € LIOC(@Z) and any ball B C Q7,

U;' /B e =€ <w(1B) /B |f(9c)|KW(9c)dx> W‘

Proposition 2.9. Letw € Ay(Qp) N RH(Q}), £ > 1 and r > 1. Then, there exist constants

C1,Cy > 0such that
B\ _ w(E) B\
< <
QQM =um) =\p

for any measurable subset E of a ball B.
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3. THE MAIN RESULTS

Let first us give the boundedness for the commutators of p-adic Hardy-Cesaro operators on the
Morrey p-adic spaces with the power weight.

Theorem 3.1. let 1 <g< oo, 1< q,r1 < oo such that1/q=1/q1 +1/r1, and 1/q1 < XA < 0. Let
be CMO,, (Q2) and w(z) = |z[} fory > —n. If

A= |s()| 29 (y) o (y)|dy < oo,
P

where
Y(y) = 1+ [log,|s(y)lpl,

then C2Y is bounded from Bil’)\((@g) to BZ’A(QZ).

_ (n+7)
Proof. For simplicity of notation, we denote ¥ (y) = |s(y)|p, ** ¥(y). Let first us prove the following
inequality

n(n+~)
€2 ez S Wlosioriqg [ ) sz s, (3.1)
P

forany n € Z, where m = log,[s(y)|,. Indeed, using the Minkowski inequality and the Holder inequality,
we have

1€25(H) s,y < / e@IDC) = bWzt ) | F 5@ 21 3, - (32)
Z*

Now we need to show that
16(-) = b(s(W))l 72 (B,

n(n+~)

S (Lo sW)bxslzn —ogls@lxgewi <o) Ployor g (3-3)
For simplicity of notation, we put

Ky = [b(-) = bw,B, 171 (B,)

Ky = [|b(s(y)-) = bw,Bym 171 (B,):
and
K3 = ||bw,Bn - bw,B7,+m||Lf} (By)*
Thus it is easy to see that

[6(-) = b(s(y))]

[t follows from the definition of the space C’J\'/[O:;1 (Qp) that

L71(By) < Ki+ Ky + Kj. (3.4)

n(n+-y)

Mleorap <2 Illexor @y (3.5)

Ky < w(By)" |

Let next us estimate K». Using the formula for change of variables, one has

1

K= (/ bs(y)) - bvan+m‘T1w(m)dm) h
By
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1

= ( / B(2) = by | 5() ™ 2 3 15() " plz)

Byim
_ (n4m) 1
<[s@ly " @(Bym)n V] B b))
77+m
7]+'m
< n(n+-y) b 36
By the Hélder inequality, for all k € Z, we also have
1
|bw,Bk — bw,Bk_H‘ < w(By) /|b(:1:) - bw,Bk+1‘W(ZE)d$
b 1
Bk+1 ' / ‘b - w Bk+1| 1w(x)dx> "
w(Biy1)
< oy Pllexior @ = 1Pleior
Form > 1, we get
‘bw,Bn - bvan-ﬁ—M‘ < |bw,Bn = by, B?H-l‘ ot |bw,Bn+m—1 - bvan+M|
Sme‘ CMO ( ) logp‘ ( )‘p”b”C’MOZj(Qg)
Otherwise,
‘bw,Bn - bw,B,,+m| 5 _meHCMO:l(Qg) = _logp|s(y)|P||b||CMO:1 (@?)
Consequently,
1
K3 < W(BU)T1 |bw,Bn - bw,B,H_m‘
1
S w(By) 1 (logplsW)lpX{1sw)1=p) = 108,l(W) X {1swlo <1y )1l ciro gy (3.7)
CcMO,, (Qp)

This, together with inequalities (3.4), (3.5) and (3.6), yields that the inequality (3.3) holds. On the other
hand, it is not hard to show that

—(n+)

1£ (@) g5y < sl ™ 125, .0
Combining this inequality with (3.2) and (3.3) above, the inequality (3.1) is proved.
Let us now give the proof of the theorem as follows. For any € Z, by (3.1), one has

n(n+v)
1

L
" w(B +m)q1+
€25 (N ra s,y S 10y ") /\so b1 (y ! o1 gy
w(B7)31+A ;s ) CcMO,, (Q}) w(Bn)flz“‘ @)

By the condition 1/g = 1/¢1 + 1/r1, we estimate
n(n+-~) n(n+-y)
p 0 w(Bner)qll A N p 0 UM+ +3)
w(By) LA - Pt LN
which implies
p,b
‘ e(p S( )” a4, A(Qn)

Thus the proof of the theorem is finished.

S Al egror g 171 g2 gy
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By virtue of Theorem 3.1, we immediately have the following result.

Corollary 3.2. Let the assumptions of Theorem 3.1 hold. I}
B, - / eyl o, 1y < oo

then

Next, the boundedness for the commutators of p-adic Hardy-Cesaro operators on the Morrey p-adic
spaces with the Muckenhoupt weight is given as follows.

Theorem 3.3. Let 1< q,q},r},{ < oo,—1/g] <A <0 and 1 <5 <r,. Let be CMO, (QL), and
w € A¢ with the finite critical index r, [or the reverse Holder condition such that

1 1 1 Tw
. 3.8
q>(qf+r{)<rw—1 (3:8)
I
n(d—1)X

A2 = /Z (s + 5@ * Xswl2n ) Ele@dy < o,

p

where ) (y) is given in Theorem 3.1, then G 5 is bounded from Bql’ (Qp) to BZ,’)\(QZ).
Proof. First, we prove the following inequality
1
w(By)a
Gp’ q SOl dy |, 3.9
1D & Wyt g | L, 1P0O10) i Wi ) 69

for any n € Z, where recall again m = logp\s(y)\p. Indeed, by the condition (3.8), there exist r1, ¢; such
that
Poome Sl 6 g Pt (3.10)
@ QG re—1 r rir,—1 @1 T q
Arguing as in Theorem 3.1, we also get the relation (3.2). We still denote K1 = [|b() — bu,B, 171 (5,):
= [16(s(y):) = bw, Byl 171 (B,) aNd K3 = [|bw,B, = b, B, 1 171,y @s in the proof of Theorem 3.1
above for convenience. By r; < rj, this leads to

K <w(B (3.11)

1
D7 Blessors g < 9B Wl ot
By (3.10), there exists 8 € (1,r,) satislying r{/¢ = r18]. Thus, by applying the Hélder inequality, the
reverse Holder condition and Proposition 2.8, we infer

*

r C* 1
Ky < ( / Ib(s(y)x) — be. 5 |<1da:) i ( / w(x)ﬁldx) fin
Bn s Pn+m Bn

=< 1 7y S

S 1B (B ([ blsl)o) ~ bup,s, | < dr)
By

—¢ 1 —nC *

<

* r¥ "1 r*

1B, B st ([ ) = byl dz)
n+m

—nC C 1

e ! ‘B m‘” r¥ ri
S 1B (B sl T () b, Pie)d)
(Byym)Ts B
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1

w(By) [l

Besides that, by (3.7) and r; < 7}, we get

cnrof @)’
1
Ky £ 0(By) (108, |5 stz ~ 108150 xtsti <) Bl g ot
Hence, by (3.11) and (3.12), we conclude
1
16(-) = b(s (W) )l 1 () S @ (By) 1 (y)|0]

By (3.10) and estimating as (3.12) above, we can show that

1

oMo (@)

q1 1 -1
( / If(S(y)w)\“w(m)dw> SwB)nwBram) Tl
Bn W( n+m)
Consequently, by (3.2) and (3.13), the inequality (3.9) holds.

Now we are in a position to give the proof of the theorem. It follows from (3.9) that

w(By)1
for any n € Z. Next, by the condition A < 0 and Proposition 2.9, we have

B m n .
<||§\|) Sls@)pet, it m<o,
n

(“Os) <

|B +m‘ (56— 1” n(E—1)A
( é‘ ) <Is(y)p ® , otherwise.
Therefore, we have

W(Bn_;’_m) A n(&él)k
( w(By) ) SNy + 5Ol X2

Consequently,

epvb <.A b . r¥ . qF °
| e07( M “(@n)N 2| HCMOJ(@g)”f”Bil’A(QQ)

Therefore, Theorem 3.3 is completely proved.

According to Theorem 3.3, we also have the following result.

Corollary 3.4. Let the assumptions of Theorem 3.3 hold. I}
n 1
By = / lylpMog,,  e(y)ldy < oo,
z |y|p

then
< Bol|b||

HPO|| . s »

I3 ”BJ‘V@;HBJ\@;) ~
Theorem 3.5. Let 1 < /{,qg< 00,1 < q,m <oosuchthatl/q=1/q1 +1/r1, A > 0and
pr=p8+ ":*. Letb e CMO:J1 (Qp) and w(x) = |z|} for v > —n. Then, if

oMot @p)’

A—B1— (n+~)
Az = . [s(¥)lp " p()le(y)ldy < oo,
we have e{'gf; is bounded from MK?Z1 L(Qp) to MKZB;‘UJ(QZ).

1 w(Bpim)\"
5 B sy < 10 HCMO ) (/ le(y)[¥(y )( W(gn) > dy) 1l o2

(3.12)

(3.13)

)
)
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Proof. Using a similar argument as the inequality (3 1) above, we have
le24(xel gy S Wlosror og? / [ )lebs ()1 Xl 3 80

forall k € Z. Hence, by the condition 81 = 5 + ”ﬂ and the Minkowski inequality, one has

1/¢
I gz = 510 2 Z PNt (P )kl )

k=—o00

1/¢
. koA kBl
< Ibllizor gy /Z; ()l (y )supp 0 ( Z PN f Xk @n) dy

k=—o00

1/¢
< ¥l o / PP sup p (30 9 o)

Mo €L k=—00

Therefore, the proof of this theorem is ﬁmshed.

As a consequence, we immediately have the boundedness of €% s on weighted Herz p-adic spaces.

Corollary 3.6. Lef the assumptions of Theorem 3.5 hold. Then, if

_61_(n+’Y)

Ay = . sl ™ P)le(y)ldy < oo,

we have

;b < o
”ego,s(f)HKgyf(Qg) ~ ‘A4”b”CMOw1(QZ)”f|’K511,f(Q;L).

By Theorem 3.5, we also have the boundedness for commutators of the weighted Hardy-Littlewood
operators on weighted Morrey-Herz p-adic spaces. Namely, the following is true.

Corollary 3.7. Let the assumptions of Theorem 3.5 be fulfilled. If
_/31_ (n+)
By = / " o, ! ety < .

then

[lgead < Bs|bll

Kﬁl (@)= MK (@) cMo,) (Qp)
Theorem 3.8. Let 1 < {,q,q7,77 <00, 1<(<r],BeR, B} <0,be CMO:J1 (Qp) and w € A; with

the finite critical index r,, for the reverse Holder condition and 6 € (1,r,). Assume that the
hypothesis (3.8) in Theorem 3.1 is true and

TS (3.14)

Q1 n q n
(i) ]f ﬁl > 0and
(I1 n
—n¢( L+ (5= 1>( 4P
As = / (Is(y)lp ! X{|s(y)p<1} T I5(y )| it X{\S(y)\pzp}>w(y)\go(y)\dy < 00,
P
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then

ICBEI 500,y S AslBl

(QE) ~ ||f|| 61 lql

crol @p) @’
1 *
(i) If ~, + b
q1 n

< 0and

—n¢( L ) n = 1)( 1 )
Ag = /* (|5( )p i X{ls(y)lp=>p} + |s(y )| i X{|s(y)|pg1}>1/1(y)\g0(y)\dy < 00,
P
then

55Ol sitagny S Asllbl ||f|| e

@ ~ o'l @y’

Proof. Similarly to the proof for the inequality (3.9), for k € Z, we also have

1C%s (Fxe g ap) S By ot @ Jos W) (y) (Bk-i-m)
where m = log,[s(y)|,. Thus, by using the Minkowski inequality and (3.14), we get

[CAdeplpwxe

L dy,
Ml

(Qp )

[e.e]

/
S0, o, (2 B ([ el B0 e )
« P k=—o00 P +m

W(Bk-i-m) i

SnbncMO?(@z)(/ el 3 (M(Bk)}] l,0) ) )
Z3

k=—o00 w(Bk+m) B!

«
1, B8]
00 e

w(Bk)ql N 1/2
— b ) 7.* q* d .
Pl gy ([, 10w 3 ( o Wi, ) ) )
This implies that

LN senggy S W]y oy (] 0

p

% (ki {(wb(ul(%ffi)) qlﬁﬁnl nioo (Z%%Zij;) . W(Bk—i-n)ﬂg Hka+nHLZ{ (QE)F)lMdy). (3.15)

On the other hand, by Proposition 2.9 with 87 < 0 and n < m, we have
8} B} (5-1)
(w(Bk-l-m)) nl < (‘Bk—l—m‘) 1"5 :p(m—n)ﬁi‘((;—l)/é. (316)
w(Bi4n) ™\ Bty

Now, by using Proposition 2.9, we consider the following two cases.

.1 B
Case I: o T . > 0. We get

Byl NC(L+71) Ly (L7
(%J\ ‘) ot _, mnc(q1+n):‘8(y)‘p it <o
m
B*
( w(Bk) )qlﬁnl <
) ~Y

5— Ik
W(Bk-i-m ( 1)( 1 1)

|Bk‘ s (gt —m”(‘sgl)(l*—i-ﬁj)
1 =p af
‘Bk—i-m‘

n .
, otherwise.

(3.17)
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Case 2: qlik + an < 0. We also get

B *
(B ) "D
| Bi+ml
. BT mn (5 1)(1 ]
( w(Byg) )qurn <) =lsy )|p ,ifmSO,
wW(Bk+m) ~
Bl L+ ey —nc( L+°T)
<|Blkk‘ |) a =p mnC(q1+ ") = |S(y)|p e s OtherWiSe-
+m
(3.18)

To prove the part (i), by (3.15), (3.16) and (3.17), we have

—n¢( L +1T)
ICE5N g2 0g) S 1Pl ot g | e (swh T e

X{\s(y)\pzp}) ‘T(y)dy) ,

where

W) :< Z { Z p(m_n)ﬁf(a_l)/éw(lgkm)ﬁgHka+nHLqT(@")}£>l/é'
w Vp

k=—0co0 n=—00

By applying the Minkowski inequality again and 87 < 0, we have

< Z p(m_n)ﬁﬂé—l)/é{ Z <W(Bk+n)ﬁ5||ka+n||quf(Qn))é}l/Z

n=—00 k=—o00

SN ot g

Thus we get

nb <
15 (Pl o0 gy < Al

@) ~ ol @n)

Mt g

This shows that the part (i) is proved.
Similarly, by making (3.15), (3.16), (3.18) and estimating as above, we also have

leBL (I, st gy S Aslloll ||f|| P

@p) Mol @p)’

Theorem 3.8 is proved.

Corollary 3.9. Let1 < /V,q,q7,r] <00, 1 <(<r],BeR, [ <0,be CMO:;1 (Qp) andw € A with
the [inite critical index r,, for the reverse Holder condition and 6 € (1,r,). Assume that the
inequality (3.8) in Theorem 3.3 and the relation (3.14) in Theorem 3.8 are true.

WL+ > 0and
q1 n

L ) 1
By — / < logy,, 1 p(Wldy < o,
p

then
< Bs|[b]]

HOP||  or o
|| © HKf)l’l'ql qu((@n ~ C’MO;l(Qg)

@p)—
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1 *
(i) If ~, + &
q1 n

< 0and

—n GV (L 45T 1
Be = / Ylp b log,, o le(y)ldy < oo,
z ‘y|p
then

||g'f$b||[-{6{,z,qf Bt < Bel|b]]
w

@)—k2 " @p) cnoll @)’
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